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Date: 19.10.2021

To

The principal,
K.S.R.M.College of Engineering
Kadapa.

From

Dr. B.Rama Bhupal Reddy,
Professor of Mathematics,
Department of H&S,

K.S.R.M College of Engineering,
Kadapa.

Respected Sir,

Sub: KSRMCE - Department of H&S (Mathematics) Permission to conduct Certificate course on Complex
Analysis— Request —Reg.

With reference to the above subject, it is brought to your kind notice that, the H&S Department is

.anning to conduct a Certificate Course on Complex Analysis for B. Tech III-Sem students from 26

October 2021 and ends on 2" December 2021in Offline mode. In this regard I kindly request you sir to
grant permission to conduct certificate course. This is submitted for your kind perusal.

Thanking you Sir,
Yours Faithfully
Rl o

,
(FM'” : Dr.B.Rama Bhupal Reddy,
(b/\/ Professor of Mathematics,
"P%‘ Dept. of H&S,
MWA- gs Tl K.S.R.M.C.E.
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Cr./KSRMCE/(Department of H&S)/2021-22 Date:19-10-2021

Circular

It is here by informed that the Department of H&S is going to conduct certificate course on Complex
Analysis to B. Tech III-Sem students. This certificate course starts from 26™ October 2021and ends on 2™
. ecember 2021. Interested students may register their names with the following link before 25"0ctober
2021.

Registration Link: https://forms.gle/4TQhm4MLnmJVN5iz8

For any queries contact,

Convener
Dr.1.Sreevani, HoD, H&S

Coordinators

Dr.B.RamaBhupal Reddy, Professor, Dept. of H&S, (Ph. No: 9490032642)
Dr.G.Radha, Assoc.Prof, Dept. of H&S, (Cell N0:9966815484)
Sri.B.VeeraSankar, Asst. Prof, Dept. of H&S, (Cell No: 9966072081)

D H&S
Dr. I. SREEVAN! 1.S¢c.,Ph.D.
Head of Hum n 1ics & 3ciences

KS.R.M Colicge of £ngineering
KADAPA - -516 005

Cc to:

The Management /Deans/HoDs/IQAC for information
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Date: 20-10-2021

Name of the Event: Certification Course on Complex Analysis

Venue =GE-109
Registration Form
’ S.No | Roll Number Name of the student Department Signature
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Certificate Course

Cugeee: Ticle COMPLEX ANALYSIS (R20) CE & ME Branches

Course Objectives:
The concepts of complex variables to equip the students to solve application problems.

Course Outcomes: On successful completion of this course, the students will be able to

CO 1 | Define analytic function.

CO 2 | Analyze images from z-plane to w-plane.

CO 3 | Determine complex integration along the path.

CO 4 | Define singularities, poles and residues.

CO 5 | Analyze real definite integrals by residue theorem.

Module I:

Functions of a complex variable — Limit — Continuity -Differentiability — Analytic function —
Properties — Cauchy — Riemann equations in Cartesian and polar coordinates — Harmonic and
Conjugate harmonic functions. Construction of analytic function using Milne’s - Thomson
method.

Module II:

Conformal Mapping: Some standard transforms — translation, rotation, magnification, inversion
and reflection. Bilinear transformation — invariant points. Special conformal transformations:
w= €*, 7, sinz and cosz.

Module III:

Complex integration: Line integral - Evaluation along a path — Cauchy’s theorem — Cauchy’s
integral formula - Generalized integral formula.

Module I'V:

Singular point — Isolated singular point — Simple pole, Pole of order m — Essential singularity.
Residues: Evaluation of residues. Cauchy’s residue theorem.

Module V:

Evaluation of the real definite integrals of the type (i) Integration around the unit circle
f:” f(cos@,sin@)d@ and (ii) integration around a small semi circle ffom f)dx

Text books:

1. Higher Engineering Mathematics, Dr. B.S Grewal, Khanna Publishers-42 edition.
2. Advanced Engineering Mathematics, Erwin Kreyszig, Willey Publications, 9™ edition-
2013.




. Higher Engineering Mathematics, B.V.Ramana, Mc.Graw Hill Education (India) Private
Limited.

. Advanced Engineering Mathematics by N. Bali, M Goyal, Firewall Media 7* edition.

. Engineering Mathematics, Volume — III, E. Rukmangadachari & E. Keshava Reddy,
Pearson Publisher.

Dr. 1. SREEVANT wm,ge, #h.8
Head of Humanities & 56180685

KSRM College of Enginesring
KADAPA-SI6005
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Certification Course

ON
Complex Analysis
Schedule
Date Timing Course Instructor Topic to be covered
26-10-2021 | 4.00pm-5.00pm Dr. B. Rama Bhupal Introduction to Complex Numbers

Reddy

~27-10—2021

4.00pm-5.00pm

Dr.B. Rama Bhupal Reddy

Functions of a complex variable, Limit, Continuity,
Differentiability

28-10-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy | Analytic function and Properties.
29-10-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy | Cauchy—Riemann equations in cartesian coordinates
30-10-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy
Cauchy — Riemann equations in polar coordinates
01-11-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhual Reddy |Problem solving based on Cauchy — Riemann equations
02-11-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy [Harmonic and Conjugate harmonic functions
05-11-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy | Construction of analytic function using Milne’s
Thomson method
06-11-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy | Problem solving based on analytic function
08-11-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy | Some standard transforms — translation, rotation,
' magnification, inversion and reflection
09-11-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy | Bilinear transformation and invariant points
10-11-2021 | 4.00pm-5.00pm | Dr.B. Rama Bhupal Reddy |Problem solving based on Bilinear transformation and
invariant points
11-11-2021 | 4.00pm-5.00pm | Dr.B.Rama Bhupal Reddy Transformations: w = e?, 22
12-11-2021 | 4.00pm-5.00pm | Dr. B. Rama Bhupal Transformations: w = sinz and cosz.
Reddy
15-11-2021 | 4.00pm-5.00pm Dr.G. Radha Complex integration: Line integral - Evaluation along a
path
16-11-2021 | 4.00pm-5.00pm Dr.G. Radha Problem solving based on Line integral along a path
17-11-2021 | 4.00pm-5.00pm Dr.G. Radha Cauchy’s theorem
18-11-2021 | 4.00pm-5.00pm Dr.G. Radha Problem solving based on Cauchy’s theorem
19-11-2021 | 4.00pm-5.00pm Dr.G. Radha Cauchy’s integral formula




: 20°11-2021 | 4.00pm-5.00pm Dr.G. Radha Generalized integral formula.

22-11-2021 | 4.00pm-5.00pm Dr.G. Radha Problem solving based on Cauchy’s integral formula

23-11-20?1 4.00pm-5.00pm Dr.G. Radha Singular point, Isolated singular point, Simple pole

24-11-2021 | 4.00pm-5.00pm Dr.G. Radha Pole of order m — Essential singularity

25-11-2021 | 4.00pm-5.00pm Sri. B.Veera Sankar Evaluation of residues by formula

26-11-2021 | 4.00pm-5.00pm Sri. B.Veera Sankar Problem solving evaluation of residues by formula

27-11-2021 | 4.00pm-5.00pm Sri. B.Veera Sankar Cauchy’s residue theorem

29-11-2021 | 4.00pm-5.00pm Sri. B.Veera Sankar Problem Solving based on Cauchy’s residue theorem

30-11-2021 | 4.00pm-5.00pm Sri. B.Veera Sankar Introduction to evaluation of the real definite integrals
of the type

01-12-2021 | 4.00pm-5.00pm Sri. B.Veera Sankar Evaluation of the real definite integrals of the type
Integration around the unit circle

02-12-2021 | 4.00pm-5.00pm Sri. B.Veera Sankar Evaluation of the real definite integrals of the type
integration around a small semi circle

®

B e BN >
Coordinator

DH&S
Dr. L. SRlﬂEVA?\l M.Sc,,Ph.D.

Head of Humanities & Sciences
KS.R.M. College of Engineering
KADAPA:-516 005
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Date: 26-10-2021

Name of the Event: Certification Course on Complex Analysis

Venue t CE-109
List of Participants
S.No | Roll Number Name of the student Department Signature
1 199Y1A0101 BOGGITI AVINASH KUMAR CE 4”
2 199Y1A0106 CHINAMADULA HARITHA CE
€ Yrasi 15,
3 199Y1A0109 | DIRASANTHA CHENNAKESHAVA CE @1{.’}%__
4 199Y1A0119 KATUBOINA VEKRISHNA YADAV CE @ O:JM
J 5
5 199Y1A0122 KUMBHAGIRI NAGARATHNA CE k Naﬁwafkm
6 199Y1A0126 MIDDE JAGAN MOHAN CE M
7 199Y1A0127 MORAM YAGNA PRIYA CE l ;9
8 199Y1A0132 NAGA SESHA SAl CE d@
3oy s
9 199Y1A0136 PHATAN ARFATHULLA KHAN CE w i& n I (I
10 199Y1A0139 POOLA MANJUNATH CE P M : |
11 199Y1A0142 RAMIREDDY YASWANTH REDDY CE !! !e 2 z
12 199Y1A0146 SALIVEMULA MAHAMMAD CE !2 : \)
13 199Y1A0158 SIRANGI KAVITHA CE
S km\'ﬂ*‘\a .
14 199Y1A0161 SURABOINA SURENDRA CE 56 Q qu
LUHEL)
15 199Y1A0172 YEDDULA BRAMHINI CE \
: / BTG'T) L}'ﬂ |

€5 /ksrmce.ac.in
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16 | 209Y5A0101 SUPRAJA CE ;C ¢
174 | 209Y5A0113 | NAGA VENKATA THARUN KUMAR CE % M
18 | 209Y5A0126 VENKATA SAl PRASANNA CE Jb e
19 | 209Y5A0145 | VENKATA JAGADEESHWAR REDDY CE ,@2—’ '
20 | 199Y1A0301 AKULA SREEDHAR ME A/
_ 4 Lol
21 | 199Y1A0303 BANDI SHIVA REDDY ME ey
22 | 199Y1A0307 DEVAPATLARI?EI-[i)gI;{(ATH SIMHA ME WAty Gl
23 199Y1A0311 GANUGAPENTA BHARATH ME 3 I}lf W E
e :
24 | 199Y1A0316 KETHIREDDY NAVEEN KUMAR ME
REDDY K —Poe—r
25 | 199Y1A0329 | MOLAKALA SREEKANTH REDDY ME Nt !L/f
26 | 199Y1A0334 PALLETI VAMSIDHAR REDDY ME W |
27 | 199Y1A0340 | SAGIRAJU DILLI VARMA ME s é!!
28 | 199Y1A0345 | SHAIK MAHAMMED MANSOOR ME ( \
. X a‘k (]/V__“uv(/g—
SUDA ABHILASH K REDDY ME
29 | 199Y1A0352 ABH UMAR i b o
30 | 199Y1A0359 | YANDAPALLI SAI KUMAR REDDY ME e / -
31 | 199Y1A0360 | YARRAPUREDDY ME
HARSHAVARDHAN REDDY ] d
R QPaA)

Co-Ordinator

@ /ksrmce.ac.in
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Dr. I. SREEVAN
Head of Humanities & Sciences
K.S.R.M. College of Engineering
KADAPA-516 005

| m.sc,,Ph.D.
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Kadapa

K.S.R.M College of Engineering (Autonomous),

Department of Humanities & Sciences
Certification Course on Complex Analysis

Attendance Sheet
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Certification course on v
111 - gy
Complex Analysis”
Date Cotirse Co -0 rdm ator :
~ Starts from 26-10-2021 DERRAmEBhopol Regig
Eligibility: CE & ME (V SEM)
VYenue: CE 109

Course Instructors:
- Dr.B.Rama Bhupal Reddy
- DrGRadha
Sri.B.Veera Sankar
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K.S.R.M. COLLEGE OF ENGINEERING
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Kadapa,Andhra Pradesh, India— 516 003

Approved by AICTE, New Delhi & Affiliated to JNTUA, Ananthapuramu.
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ACTIVITY REPORT

Certification Course
On
“Complex Analysis”

26" October 2021 to 2™ December 2021

Target Group : Students
Details of Participants : 31 Stqdents
Co-ordinator : Dr.B.RamaBhupal Reddy,
Prof, Dept. of H&S
Organizing Department : Department of Humanities & Sciences
Venue : CE-109

‘)escription: Certification course on Complex Analysis wasorganized by Department of Humanities and
Sciences from26™ October, 2021 to 2" December, 2021 in offline mode. Dr.B.RamaBhupal Reddy,
Dr.G.Radha and Sri.B.VeeraSankaracted as Course instructors. The main aim of the course is the study of
functions that live in the complex plane,that is, functions that have complex arguments and complex outputs.

Course was successfully completed and participation certificates were provided to the participants.
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ComputeScrence and Civll En.:;;irfeermg, KSRM Hostel Fid. Andhra Pradesh 516003
‘ iIndig i 77— s
Latitude 14.477474° | ongitude 78 765069°

LOCAL 16:38:39 GMT 11:08:39 FRIDAY 11.19.2021 ALTITUDE 53 METER |/

Compute SCience and Civll Engmeermg, KSRM Hoste Rd 'Andhré P[ad_esh"
ndla Eia

Latitude 14, 477459 Longltude 78 765135°
LOCAL 16 27 231 GMT 10:57: 23 SATURDAY TT 27—2021

ALTITUDE 93 METER
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Certificate of Completion

This is to certify that M jaganmohan has successfully
completed his certification course on Complex Analysis. organized by

Department of H&S, K.S.R.M.C.E, Kadapa, A.P from 26/10/2021 to
U211 212021,

poN
¢ . Y
= 9. }\Mm; ij&u-~‘v"e-’w“ 0 Al e \u'bul\,\wf

Dr. B.Rama Bhupal Reddy Dr.l.Sreevani Dr. V.S.S.Murthy Prof.A.Mohan,
Coordinator HoD/H&S Principal [

Made for free with Certify'em '
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Certificate of Completion

This is to certify that  A.sreedhat has successfully

completed his certification course on Complex Analysis organized by
Department of H&S, K.S.RM.C.E, Kadapa, A.P from 26/10/2021 to

02/12/2021.
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Dr. B.Rama Bhupal Reddy Dr.l.Sreevani Dr. V.S.S.Murthy Prof.A.Moha
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Certification Course on Complex Analysis
Questions  Responses  Settings i Total points: 0
Section 1 of 2
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Certification Course on Complex :

v

K.S.R.M.College of Engineering(Autonomous),
Department of Humanities and Sciences
Feedback Form

This form is automatically collecting emails for KSRM College of Engineering users. Change settings

Name of the student: *

Short answer text

Roll Number: *

Short answer text

Branch: *

Short answer text
After section 1 Continue to next section w

Section 2 of 2

® £) Tr ™ =
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Certification Course on Complex Analyéiis

"4»\

1. Is the course content met your expectation *

() Yes

{j‘i- Some What
it

{‘;ﬁ“'&“
5 Can not

) Try

N’

2. Rate your knowledge of the speakers in providing you the expected outcome *

Poor F’D O O O Q

3. Is the lecture sequence well planned *
() Yes

{ ) somewhat

() Maybe

-

U Cannot

4. The contents of the course is explained with clearly and examples *
() strongly Agree

() Agree

@ =) Tr & ]

Excellent

1l
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J M[‘)isagrééu
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5. Please set your level of satisfaction for the curriculum set for the course *

() Very satisfied
) Satisfied
Neutral

¢ Dissatisfied

Overall Opinion on the course *
Short answer text
O] 2 Tr

00

\




the Rate contents of the Overall Opinion on the

Timestamp Email Address Full Name Roll Number |Branc|course |your |3. Is thdcourse is 5. Please set you course
12/2/2021 15:19:16|199y1a0109@ksrmce.a{DIRASANTHA CHENANKE 199y1a0109 |CIVIL|Yes 5[Yes Strongly Agree |Very satisfied |Use full for us
12/2/2021 15:11:08 199y1a0110@ksrmce.a{Gajula Mahamad Javid 199y1a0110 [Civil |Yes 5|Yes Agree Satisfied Good
12/2/2021 15:12:41{199y1a0133@ksrmce.a{P.Venkata Siva 199Y1A0133 |Civil |Yes 5|Yes Agree Very satisfied  |We learn Very Well
12/2/2021 15:07:24|199y1a0133@ksrmce.a{PAGIDI VENKATA SIVA |1 99Y1A0133 |Civil |Yes 5|Yes Agree Satisfied Course.We learn very
12/2/2021 15:10:32|199y1a0133@ksrmce.a{PAGIDI VENKATA SIVA  [199Y1A0133 [Civil |Yes S|Yes  |Agree Satisfied We learn very well ...
12/2/2021 15:05:11|199y1a0134@ksrmce.aqAli abbas 199y1a0134 [Civil |Yes 3]Yes  |Agree Satisfied Good
12/2/2021 15:07:39|199y1a0135@ksrmce.aqP. suresh Reddy 199Y1A0135 |Ce  |Yes S[Yes  |Agree Satisfied Nice
12/3/2021 15:46:20|199y1a0136@ksrmce.a{Phatan Arfathulla Khan 199Y1A0136 |CE |Yes 5|Yes Strongly Agree |Very satisfied |Itis Amazing
12/2/2021 15:09:19]199y1a0137@ksrmce.a{P.Praveen kumar 199Y1A0137 [Civil ‘|Yes S|Yes  [Agree Satisfied It is good
12/2/2021 15:02:16/199y1a01 39@ksrmce.a{Poola Manjunath 199Y1A0139 Civil |Yes 5|Yes Strongly Agree |Very satisfied  [Satisfied
12/2/2021 15:04:12|199y1a0140@ksrmce.a R.vineethreddy 199y1a0140 |[Civil |Yes 3|Yes Agree Satisfied Some what learn
12/2/2021 15:09:02|199y1a0144@ksrmce.a{RAGI DIVYA 199Y1A0141 |Civil |Yes 4|Yes Agree Satisfied Good
12/2/2021 17:29:24|199y1a0142@ksrmce.a{RAMIREDDY YASHWANT] 199y1a0142 [Civil gYes 4|Yes Strongly Agree |Satisfied Good
12/2/2021 14:57:55(1 99y1a0144@ksrmce.adS.Sadamini 199Y1A0144 |CIVIL|Yes 5|Yes Strongly Agree |Very satisfied |It's Good
12/2/2021 15:26:51|199y1a0144@ksrmce.a{ SAKE SADAMINI 199Y1A0144 |CIVIL|Yes 5|Yes Agree Satisfied Good subject
12/2/2021 15:03:20|199y1a0145@ksrmce.adS. Pavan kumar reddy 199y1a0145 |Civil-gYes 3|Maybe |Agree Satisfied Good
12/2/2021 15:42:28|199y1a0146@ksrmce.a{S.Mahammad 199Y1A0146 [civil |Yes 4|Yes Agree Satisfied is very useful to
12/2/2021 15:11:03|199y1a0147 @ksrmce.a{S.Sudharshan 199Y1A0147 |CivilenYes SlYes  |Strongly Agree [Very satisfied |Good
12/2/2021 15:06:52|199y1a0148@ksrmce.aS.suréndra 199y1a0148 |Civil elYes 1|Yes Agree Neutral Good
12/2/2021 15:36:40[199y1a0149@ksrmce.aSavali Nagarjuna 199y1a0149 |Civil |Yes 5|Yes Strongly Agree |Very satisfied [Courses oncomplex
12/2/2021 15:04:42 199y1a0150@ksrmce.a{Shaik Aswak 199Y1A0150 |Civil gYes 5|Yes Strongly Agree |Very satisfied |Good
12/2/2021 15:27:05|199y1a0153@ksrmce.adShaik imran 199y1a0153 |Civil-AYes 5|Yes  [Agree Satisfied Very good course
12/2/2021 16:55:11(199y1a0158@ksrmce.a Sirangi Kavitha 199y1a0158 |Civil |Yes 5]Yes Agree Very satisfied |Satisfied
12/2/2021 17:05:06|199y1a0301@ksrmce.a{A.sreedhat 199y1a0301 [MechiYes 5|Yes Strongly Agree |Very satisfied  [Very nice

12/7/2021 9:37:26(199y1a0303@ksrmce.a{Bandi Shiva Reddy 199y1a0303 [MechiYes 4|Yes Agree Very satisfied  |Very good
3/12/2022 15:36:17 [199y1a0311@ksrmce.a{Ganugapenta Bharath 199Y1A0311 |MechdYes 5|Yes Strongly Agree |Very satisfied |Good
12/2/2021 15:31:51[199y1a0316@ksrmce.a{K.Naveen Kumar Reddy [{199Y1A0316 [Mech{Yes 4|Yes Agree Very satisfied |Safisfied
12/5/2021 16:26:15]199y1a0320@ksrmee.a{K manjunath 199y1a0320 |MechdYes 5|Yes Strongly Agree |Very satisfied  [Very good
12/2/2021 19:06:16 [199y1a0320@ksrmce.a{ Kummari manjunath 199y1a0320 |MechdTry 5[Yes Strongly Agree |Satisfied Good
12/2/2021 16:09:06|199y1a0334@ksrmce.a{Palleti vamsidhar reddy  [199y1a0334 [Mech{Yes 4|Yes Agree Satisfied Better
12/2/2021 15:46:07)199y1a0352@ksrmce.a{S.ABHILASH KUMAR RE199Y1A0352 |MECHSome v 4|somewhAgree Satisfied Good
12/2/2021 17:58:18]199y1a0360@ksrmce.a Yarrapureddy Harshavardh{199Y1A0360 |Mech{Yes 3|somewhAgree Satisfied Nice
12/2/2021 15:18:25[209y5a0104@ksrmce.a{B SURENDRA 209Y5A0104 |CIVIL|SomeV] 5 somewhAgree Satisfied Superb -,
12/2/2021 15:19:59/209y5a0125@ksrmce.a{l. CHINNA PRASAD 209Y5A0125 |CIVIL|Yes 3|Yes Agree Satisfied Ok ( /,
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Or. I. SREEVANT wm.sc, ph.o,
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Complex Analysis
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Module 1

Function of a Complex Variables:

If z=x + iy and w = u + iv are two complex variables, and if for each value of z in
a certain portion of the complex plane (called also as the domain R of the complex plane)
there corresponds one or more values of 4, then w is said to be a function of z and is written
as

w=f(z)=f(x+iy) =ulx,y) +iv(xy) (D

where u(x, y)and v(x,y) are real functions of the real variables x and y. Clearly for a given
value of z, the values of x and y are known and thus, one or more values of w are determined
by (1). If for each value of z in R, there is correspondingly only one value of w, then w is
called a single-valued function of z. If there is more than one value of w corresponding to a

given value of z, then w is called a multiple-valued function or many- valued function.

z
z44+1

For example, w = z2,w = i, w = are single valued function of z. The function

w =22, w = arg (z) are examples of many valued functions. The first one has three
values for each value of z (except for z = 0) and the second one assumes infinite set of real
values for each value of z other than z = 0.

The complex quantities z and w can be represented on separate complex planes, called
the z-plane and the w-plane respectively. The relation w = f(z) establishes correspondence

between the points (x, y) of the z-plane and the points (u, v) of the w-plane.

VN

A Z - Plane W — Plane

z=x+1y w=u+iv

w = f(z)

Figure 3
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Limits: Let w = f(z) denote some functional relationship connecting w with z.

Then w = f(x + iy) = u(x,y) + i v(x,y) where u and v are real functions of x and
y. As z approaches z,, the limit of f(z) is said to be wy if f(z) can be kept arbitrarily close
to wy, by keeping z sufficiently close to, but different from z,.

i.e.,limw=lim f(2) = w,
z—2Z, z—2Z,

Now let zy = x¢ + iy,
when z approaches z,, it means that x = x, and y = y,.
Hence lim f(z) = lim(u+iv) = lim (u+iv) =u, +iv,
z-2zy z=Zzg X%
Y=Yo
Hence J!lgclo u(x,y) = uy and xlgyo v(x,y) = v,.
y-Yo Y=o
Note: In the above, when we say that z = z,, it means that x - x, and y — y, in any .

order, by any path as shown in figure 4.

YA

= X

Figure 4

Continuity: The idea of continuity is closely connected with the concept of a limit. A single-

valued function w = f(2) is said to be continuous at a point z = z, provided each of the

following conditions is satisfied:
(i) f(z,) exists
(ii) lim f(z) exists, and
z—-2Z,
(i)  lim f(2) = f(z)
z-2z,
Remarks:

1. If f(z) is continuous at every point of a region R, it is said to be continuous throughout

R.

2. w=f(z) =ulx,y) +iv(x,y).If f(2)is continuous at z = z,, then its real and

imaginary parts, i.e., « and v will be continuous functions at z = z,, i.e., at x = Xpandy =
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Yo- Conversely, if u and v are continuous functions at z = z,, then f(z) will be continuous at
Z = 2.

3. The sums, differences and products of continuous functions are also continuous are also
continuous. The quotient of two continuous functions is continuous except for those values of

z for which the denominator vanishes.

Continuity of a Function of Two Real Variables:
w=f(2) = f(x +iy)
is a function of the two variables x and y. Hence, to discuss the continuity of f(z), we shall

have to deal with the continuity of a function of two independent variables x and y.

Definition: a function f(x, y) of two real independent variables x and y is said to be

. continuous at a point (x,, ) if,
(1) f(x0, Yo), the value of f(x, y) at (xg, Vo) is finite, and
(i) Jcli_)r;go f(x,y) = f(xo, yo) in whatever way x = x, and y = y,
YYa

To illustrate the idea of continuity of a function of two variables given in the following

examples:
EX. 1. Show that f(x,y) = xfi};z is discontinuous at origin, given that £(0,0) = 0.
Solution: Given f(x,y) = xz_zi:%ﬁ

If y - 0 firstand then x —» 0

st it . 2x(0)
E S ) = iy T e =0
If x - 0 firstandtheny — 0
S s RS Sl s
S [y = i e = e =0

Let x and y both tend to zero simultaneously along the path y = mx.

Th . et i 2x.mx = 2m
en’y;ri'%xf Ao )i y-l.prlsxxz + y2 e xl_I;%xZ + m2x2 = 1+ mZ
X-3 x—

This limit changes its value for different values of m.

2m 2m 4
whenm = 1, > =1landform = 2,—— =- and soon.
1+ m 1+ m 5
oo : .
Hence lmg = :;2 # 0, when x — 0, ¥ — 0 in any manner. So the function is not
y—b

continuous at the origin.
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Derivative of a Function of a Complex Variable: For a real function of a single real

variable say, y = f(x), the derivative of y with Respect to x is defined as

dy l flx+Ax) — f(x)
— = lim
dx  Ax—0 Ax

Hence Ax can approach zero in only one way.
Let w = f(2) be a single-valued function of z. Then, the derivative of w is defined to

be

AW s f(z + Az) — f(2)
E_f (2) = lim >

provided the above limit exists and is the same, in whatever manner Az approaches zero.

¥
¢ Ax
A Q z+ Az
Ay Ay
zP B
Ax
o Fizure 5 =

We can show by a figure that Az can approach zero in several ways. P is the point in
the z-plane corresponding to z =X + i y. Q is the point z + Az. Az = Ax + i Ay, where
Ax, Ay are small increments in x and y respectively. As Az = 0, i.e.,Ax,Ayalso - 0 and
the point Q approaches to P. Now Q can approach P along the rectilinear path QAP on which
first Ax and then Ay approach zero or ¢ may approach P along the rectilinear path QBP on
which first Ay and then Ax approach zero. More generally, Q can approach P along infinitely
many paths, i.e., Az approaches zero in several ways.

Hence, in the definition of f '(2), the derivative of f(2), it is necessary that the limit

of the difference quotient
f(z +Az) — f(2)
Az

should be the same, no matter how Az approaches zero. When this limit is unique, the

i.e., lim
Az—0

function is said to be differentiable. This severe restriction narrows down greatly the class of

functions of a complex variable that possess derivatives.
d : A
Thus we find that d_-.: depends not only upon z but also upon the manner in which Az

approaches zero. To illustrate this, consider the simple case,
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w=f(2=x—1y

Then
flz+082)—f(2) _[(x+Aax)—1i (y+oy)]—(x—iy)
Az % Ax + i Ay
_Ax— i Ay
T Ax+iAy
4 (xy+5Y)
Y4 Q
Pxy) « Qﬁx'y)
O Figurc 6 ‘ X ;

Now, let Az — 0 is such a way that first Ay and then Ax approach zero, i.e., Q

approaches P along the horizontal line. Then

. Ax—iAy_l_ Ax_1
jmodx +iAy sxs0 DX

But, suppose @ approaches P along the vertical line so that first Ax and then Ay

approach zero. Then

I VA% et 0700 I 17 1 {
Mo Ax +idy Ayso-1hy
For other paths of approach of Q towards P, we can get as many distinct values of the

above limit as we please. We therefore say that f(z) = x — i y possesses no derivative.

Definition: If a single-valued function w = f(z) possesses a derivative at z =z, and at
every point in some neighbourhood of zg, then f(z) is said to be analytic at zy and Zg is
called a regular point of the function. If f(z) is analytic at every point of a region R, then we
say that f(2)is analytic in R. A point at which an analytic function ceases to have a derivative

is called a singular point. An analytic function is also referred to as regular or holomorphic.



/Cmplexlmalysis
Conditions under which w = f(2)is analytic:

Let w = f(z) be an analytic function of a complex variable in a region R. Then
f'(z) exists at every point in R. Let us now find the conditions for the existence of the
derivative of f(z) ata point Z.

let z=x+iyandw = f(2) = fx+iy)= u(x,y) +iv(xy)
where 1 and v are functions of X and y. Let Ax and Ay be the increments in x and y
respectively and let Az be the corresponding increment inz

Thenz + Az = (x + Ax) + i(y + Ay)

Hence Az = Ax + i Ay

Also f(z + Az) = ulx + Ax,y + Ay) +iv(x + A%y + Ay)

f(z+402)-f(2) _ [u(x+Ax,y+Ay)+i v(x+Ax,y+£\y)]—[u(x,y)+i v(x,)]
e Az oo Ax+i Ay

He

AsAz—»O,wehaveAxHOandAy—éo.

Hence by definition,

f:(z) — Al;IBOf(Z * A‘ii = f(Z)
Fi@ = Jim, [u(x + Ax,y + Ay) +iv(x Z::c- ?A;Ay)] — [ulx,y) + iv(x,y)] o
Ay—0

If f (2) is analytic, f ’(z) must have a unique value, in whatever manner Az = 0. Now
let Az — 0 in such a way that first Ay and then Ax - 0. Then from (1),

#1(2) = lim [u(x + Ax,y) +iv(x + Ax, ] - [ulx,y) +iv(xy)]
~ Ax

Ax—0
[u(x + Ax,y) — ulx, W] +i[v(x +Ax,y) — v(x, )]

i.e.,f'(z) = Alim

x—0 Ax
u(x + Ax,y) —ulx, + Ax,y) — :
el g) = Ul ;e DT y) —v(xy)
Ax—0 Ax Ax—0 Ax
= du % dv .
~9x ' 'ox 2

(by definition of partial derivatives)

2

Since f'(z) is to be unique, it is necessary that the partial derivatives % ond av must
X

ax
exists at the point (x, ¥)-
Secondly, let Az — 0 such that Ax — 0 first and then Ay — 0. Then from (1)

[uCe,y + Ay) +iv(oy + )] — [ y) +1 v(x,y)]
Ay-0 i Ay




A
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[uCt,y + Ay) —ulx, )] + i [v(x,y + Ay) — v(x, )]
i Ay

L8, 2= Al)i,r_r)lo

ulx, v + Ay) — ; LV + Ay) — §
i (x,y +Ay) —u(x y)+“m v(x,y + Ay) — v(x,y)

Ay-0 i Ay Ay—0 Ay
_16u+6v_6v Cdu 3
“idy 9y ay ‘ay 3
du dv :
Hence 3 and o must exist at (x, y).

Now, if the derivative f’(z) exists, it is necessary that the two expressions (2) and (3)

which we have derived for it must be the same. Hence equating these expressions, we have
du g do. vy .o
— |— = — — | —
dx . dx By dy

Equating real and imaginary parts, we get

du dv
P vriasir (4)
y
d v - Jdu c
g Tk L)

L.e., U, =v,and 1. = —u
X oy x y

The equations (4) and (5) are called Cauchy-Riemann differential equations.

Note: The Cauchy-Riemann equations are only the necessary conditions for the function
f(z) = u+iv to be differentiable i.e., if the function is differentiable, then it must satisfy
these equations. But the converse is not necessarily true. A function may satisfy these
equations at a point and yet it may not be differentiable at that point.

Hence the conditions expressed by Cauchy-Riemann equations (C-R equations) are

only necessary but not sufficient for a function to be analytic.

Sufficient Conditions for f(z) to be Analytic: We shall now prove the following theorem

The single valued continuous function w = f(2) = u +iv analytic in a region R, if

. Sri du du dv dbiss g 5
the four partial derivatives FRErY e and = exist, are continuous and satisfy the Cauchy-

Riemann equations at each point inR.

Proof: Letw = f(z) = u(x,y) + i v(x,y)

It is now given that
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6u_é‘v dav_ du 1
EL T dy @

Also these partial derivatives are continuous.
Then Au = u(x + Ax,y + Ay) — u(x,y)
= [ulx + 2%,y + Ay) — u(x + Ax, )] + [ulx + Ax, ) — u(x,y)]

=A g (x+A +6:;.Ay) + A 4 (x + 6,.Ax,y)
= y.ayux X,y 1. Ay x.axux 2. 4%,y

Using the first Mean Value Theorem, 6; and 6, being both positive and less than L.
Now, at the point (x, y) the derivatives -Zf and g—; are continuous.

Hence the above expression Au may be written as

A=A [au+,1]+/_\ [au+,1 2
u_- x' ax 1 y'a_y_ 2] ()

where 4, and 2, both tend to zero as |Az| - 0

sie : gk il d .
Similarly, using the result that the derivatives a_; and 55 are continuous, we get

Av = A [617 ] A [av+ ] 3
Vs Akl i | Ay e (3)
where p1; and u, both tend to zero as [Az| - 0

Now Aw = Au + i Av

e A R R R
= x.g— 1|+ y.gj—, 2 PyAx, 6x+‘u1 + y.[5§+,uz”

5
=A (6u+_6v)+A (6u+_6v)+ Ax+ &, A 4
—xazax yﬁj‘a_}? & Ax + &, Ay (4)

where & =2, + iy, and ¢, =2+ ipyand g g, — 0 as |Az| - 0.
In (4), apply the conditions (1) ie., put
ou v dv du
and — = ——
dx 8y dx dy
( dv du

—-—+i——)+sle+82Ay

Then Aw=Ax (2 4+ 1 99, 4
e x(a_pE la)J’ A

=(A +'A)au+'(A +'A)av+ Ax+ ¢, A
= (Ax 1yax l (Ax zyax & 4x + & Ay

; ou  dv
=(Ax+lAy)[a+t5;]+£1Ax+£2£\y
Hence —A—vz=@+i@+elé)—(+széj—z (5)
2" i 0% Az Az
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By definition,  f'(z) = lim J 2142 ~f(@)
Az—0 Az
im [ +A7,6 +46) + i v(r + A7, 0 + 46)] ~ [u(r, ) + 1 v(r, 6)]
= lim ; @

If £(2) is analytic, f'(2z) must have a unique value in whatever manner Az - 0.
First let Az — 0 along a radius vector through the origin.
i.e., keep 6 constant.
Then Az = A(r e') = e Ar,
As Az - 0, Ar = 0. So (1) gives
Sy T [u(r + Ar,8) + i v(r + Ar, 8)] — [u(r,0) + i v(r,0)]

Ar—0 elfAr
e u(r + Ar,0) — u(r, 6) T v(r + Ar,8) — v(r, 6)
e Ar & Ar
6 [ . u(r+Ar,0) —u(r,0) . v(r+A4r6)—v(r6)
=e lim +i lim
Ar—0 Ar Ar—0 Ar
_/0u v
—tne e DSAE,
e (ar i ar) &

Secondly, keep 7 constant.
Then Az = A(r ') = ire'®AQ
As Az - 0, A6 - 0. So (1) gives
[u(r,8 +A8) + i v(r,0 + A8)] — [u(r,6) + i v(r, 0)]

e~ A]ér—ralo iret?Ag
il I [u(r,0 + 460) + i v(r,0 + A8)] — [u(r,0) + i v(r, 8)]
" Tei® ag-0 iAg

1 I [u(r,0 + A8) — u(r,0)] +i[v(r,0 + AB) — v(r,0)]

= 7e® ABSo iAB
sl . u(r,0 + A8) — u(r,8) o v(r,0 + A8) — v(r,0)
= el |- gy A6 A6 AB
1 I du dv
e SO e s
i) &)
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Now |Ax| < |Az| and |Ay| < |Az|
d 'Ax[<1 d,Ay|<1
andso |-—| < land |-= < 1.

Also g, 6, » 0 as |Az| - 0

So proceeding to the limit as Az — 0, (5) gives
dw du i dv
—_— — [ —
dz 8z dx

22
dx

We shall put the above discussion in 4.7 and 4.8 relating to differentiability in the

: s ; dutss
i.e., f'(z) exists and is equal to a—: <+

form of a theorem as follows.

If u and v are real single-valued functions of x and y which, with their four first

2 g : du du odv v . .
order partial derlvatlves(-(;;, Y and 5;), are continuous throughout a region R, then the .
Cauchy-Riemann equations
Uy = vy and vy = —u,

are both necessary and sufficient condition, so that f(z) = u + i v may be analytic. The

derivative of f(z) is then given by either of the expressions
v - du

@ =g +i 3 orf() =
iz e Laxorf z —5—15

Derive the Cauchy-Riemann equations if f(z) is expressed in polar coordinates.
Solution: Let f(z) = u(r,6) + i v(r, 8) in polar coordinates.

z=x+iy=r(cos8 +isinf) =re'.

Let Ar and A8 be the increments in  and 6 respectively and let Az be the .
corresponding increment in z.

Az = A(r ')
f(z+Az) =u(r+Ar,0 + A8) +iv(r + Ar, 0 + AB)
f(z+4z2) — f(z) = [u(r + Ar, 0 + AB) + i v(r + Ar, 6 + AO)] — [u(r,8) + i v(r,0)]

flz+4z) - f(2)
Az
S [u(r + Ar, 0 + AB) + i v(r + Ar,0 4+ A8)] — [u(r,0) + i v(r,0)]
Az
_[u(r+Ar,6 +A0) + i v(r + Ar, 6 + A8)] — [u(r, 8) + i v(r,6)]
SR A(r ei®)

Hence
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Since f(z) is analytic, f'(z) must have a unique value in whatever manner Az — 0.
Then From (2) and (3), we get
gt - av_l( _6u+6‘v)
or " ‘ar r\ "398
Equating on both sides real and imaginary parts, we get
ou 1laov
ar ros W
av 10u
and E‘_ = - ;55 (5)
These equations are the Cauchy-Riemann equations if f(2) is expressed in polar

coordinates.
Note: Differentiating (4) partially with respect to -, we get

azu_ 16v+1 d%v .
or2 "~ 1296 ' rorae ©)
Differentiating (5) partially with respect to 6, we get
Py 0%v -
002~ "agar
Thus using (4), (6) and (7), we get
0%u 10u 1 9% & _ g% iy
596 ~ a8 or

or2 " ror rZoe?

EX. 3. Show that w = f(z) = Z = x — i y is not analytic anywhere in the complex plane,

Solution: Let w=u+iv=x—iy.

Hereu =xand v = —y

Then i?'i=1-('?—1‘[=0@=Oand 92;..1
A T dy

Hence _63 = -—i]i s O

t—#—
dy ox ax 9y
The second of the Cauchy-Riemann equations is satisfied everywhere, but not so the

first. So w = Z is not analytic anywhere in the complex plane.

EX. 4. Show that w = f(z) = z = x + i y is analytic anywhere in the complex plane.
Solution: Letw =u+iv=x+iy.
Hereu =xandv =1y
ou du dv ov

—=1l,—=0,—= d—:]_
Thenax lay Oax 0an 3y
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Differentiation Formulas: We have already defined the derivative of w = f(2) to be

B _ iy = i LEH D = 1@

dz = Az—-0 Az

This definition is identical in form to that of the derivative of a function of a real
variable. Hence the fundamental formulas for differentiation in the domain of complex
numbers are the same as those in the case of real variables. Thus we have the following

formulas:

(i) If k is a complex constant, then% (k) =0.
(i)  Ifk is a complex constant and w is a differentiable function,% (kw) =k c;—j.

@)  If wy(2) and w,(2) are two differentiable functions, then% (wy Fwy) =

dw, — dw;

dz dz *
. d dWZ dW]_

— - =Wi.— 1T Wy, —
(iv) dZ(Wl w,) =t W

dwq dwy

o He-EeE

dz \w, w2

dw dw dwy

(vi)  If wis a function of wy (2), Frabra g
5 : oSy 2 d 5 ;
(vii) If nis a positive integer, = (z™) = n.z""1. This can be extended to the case

when n is a negative integer or any fraction.

EX. Find where the functionw = f(z) = i ceases to be analytic.

Solution: Given thatw = f(z) = 3
dw d (1)_ gy S
B k.
Forz =0, Z—: does not exist. So, w is analytic everywhere except at the point z = 0

which is singular point of f(z).

EX. Show that an analytic function with constant real part is constant and an analytic
function with constant modulus is also constant.
Solution: Let w = f(z) = u + i v be an analytic function.

(a) Let u(x,y) = a constant = ¢,

s

<
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Since f(z) is analytic, f (z) must have a unique value in whatever manner Az — 0.

Then From (2) and (3), we get

ou .oy 1lr 6u.-@v
5“5;=;(—1 55*55)
Equating on both sides real and im';ginary parts, we get
Jn 10dv
o rog @
v 1du
and E - ;_-'6—9* (5)

These equations are the Cauchy-Riemann equations if f(z) is expressed in polar
coordinates.
EX. Show that w = f(z) = Z = x — i y is not analytic anywhere in the complex plane.

Solution: Let w=u+iv=x—iy.

Hereu=xandv = —y
ThenﬁE=1a—u=Oa—v=0and 6_17:_1
gy -y X dy

Hence —BE= _a_v l:n.:tiE L

dy ox ox & E
The second of the Cauchy-Riemann equations is satisfied everywhere, but not so the

first. So w = Z is not analytic anywhere in the complex plane.

EX.Show that w = f(z) = z = x + i y is analytic anywhere in the complex plane.
Solution: Letw =u+iv=x+1iy.

Hereu=xandv=y

Th au_lau_oav_o dav_l
x e T e dy
Hence g—; = - g—z and g—z = g—; at all points in the complex plane. The C-R equations

are identically satisfied. Further these four partial derivatives are continuous.

Hence w = f{z) = zis analytic anywhere in the complex plane.

EX. Prove that the function f(z) where
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HBA+)-y31-1)
x% + y?

f(z)= ,Whenz #0,f(0) =0

is continuous at z = 0. Prove also that the C-R equations are satisfied by f(z) at z = 0 and
yet ' (z) does not exist at z = 0.
BA+i)—-y3(1-10)

Solution: Gi that =
olution: Given that f(z) P

,Whenz # 0

$3A+D)—-y3(1-10)

PR/ =

Z 2
Sk x4 EFy
3 .
x°(1+i
=lim¥=0
x-0 x
BA+i)-y3Q-i
lim f(z) = lim ( 2 yz( )
z=0 x=0 X +y
y=0
—v3(1 =i
Al Ve
y-=0 v

Also f(0) = 0 be given.
Hence
lim £(z) = £(0)
When x — 0 first and then y — 0 and also When y — 0 first and then — 0.
Let x and y both tend to zero simultaneously along the path y = mx™.
For n = 1, this is a straight line and for n = 2, 3, ..., we will get different curves
passing through the points (x, y) and the origin. Then
BA+iD)—-y3(1-1i)

lifé f(z) = ylim

=mx" xZ HE yZ
x=0
L 231 +i)— (mx™)3(—1i)
=t x2 + (mxn)?
de XB[1+i—m3x33(1 -]
T 580 x2[1 + m2x2n—2]
o x[14+i-m3x33(1 - 1)
= lim
x=0 1 + m2x2n—2
o x[l+i-mdEr)3(A-10)
= lim — =0
20 1 +m(x"-1)>

(because when n > 1,n — 1 is positive and lin}]x"'1 =104
X=

When n = 1 the above limit
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Cox[1+i-m3@ -]
= lim =0
x—0 1+m2

Hence liné f(z) = f(0) in whatever manner z = 0.
Z=>

Therefore f(z) is continuous at the origin.

B-y B+

Now f(2) = = S e u(x,y) +iv(x,y)
3 3 3 3
x> —y X +y
Hereu(x,y) = F+_yzand v(x,y) = X2 +y?

Since f(0) = 0,u{0,0) = 0 and v(0,0) = 0.
Now at origin

du . u(x,0)—u(0,0)
= lim

a s x-0 X
S e
—1 xl_I}']Jx_g —
ou . u(0,y)—u(0,0)
— = lim
ay y=0 y
_ 5
= lim—5 = —1
y=0 7y
ov . v(x,0)—v(0,0)
— = lim
dx x-0 x
.t
— xl—rft]]x_3 =
av . v(0,y)—v(0,0)
— = lim
ay y-0 y
3
= lim -3 =1
y=0y

Hence at origin,
ou dv ov du
ox oy “ax oy
So the C-R equations are satisfied at the origin.

Now, by the definition

hind )
im

g~ - Z

£0) = £i_r’%f(z) ;f(o) =
: B2A+D)-y3a1-10)
el (x2+y2) (x+iy)

Let y — 0 first and then x — 0.
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HBA+D)-y3A-0)

'0 =i =t
FO= M yh e+ iy
X=
A +i
L g
x=0 24

If x — 0 first and then y — 0.
CBA+D-y*A-1)

(0) =1li
A ;l—f;’:f; G2+ y3) & +1y)
—y3(1-i) -—-(1-i
= lim y,(3 I)= (_ l)=i+1
y—0 iy i

Generally when z — 0 along the path y = mx,

P = e 2R 32 (1 f)
IO =t e+ i)

_w A +1i)— (mx)31-1)
~ a0 (x2 + m%x2) (x + i mx)
- {0 —til — )
T A+m2)(A+im)

This assumes different values, as m varies, f (z) has no unique value at origin, i.e.,
f(2) is not differentiable at that point.

Hence we find that even at a point, if f(z) is continuous and satisfies the C-R
equations, the function need not be differentiable.

Differentiation Formulas: We have already defined the derivative of w = f(z) to be

f(z+Az) - f(2)
m

-0 Az

dw ; ;
o P

EX. Find where the function w = f(2) = ':f ceases to be analytic.

Solution: Given thatw = f(z) = 3

dw d /1 18485
T oae s E ey

d : » : ;
Forz =0, Ti? does not exist. So, w is analytic everywhere except at the point z = 0

which is singular point of f(z).

Properties of Analytic Functions:
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Property 1. Both the real part and the imaginary part of any analytic function satisfy
Laplace’s equation
2°¢ 9%¢
FE R T

Proof: Let f(z) = u + i v be analytic in some domain of the z-plane.

0

Then u and v satisfy the C-R equations

Ju dv

b% oy (1)
du av

and 5 = —a (2)

Differentiating (1) with respect to x and (2) with respect to y partially, we get

a(au)_a(av) da(au)_a( av)
ax\ax) ~ ax\ay) "oy \ay) T oy ox

TR 3
s 9xay ®)

1 oy A% 4
= dy?  dydx *)

Adding (3) and (4), we get
d%u z u. Py 0
dx2 9y 09xdy dydx

: 82u+ i o ; & (s 29 i v
“ox oyt SICE 5xay ~ dyox
Similarly we can show that
a%v i v =D ©)
dx2 = dy?
(5) and (6) shows that u and v satsfy the Laplace’s equation
%9 %9
@' -+~ W =0 (7)

which is Laplace’s partial differential equation in the two independent variables x and y.
This equation occurs frequently in mathematical physics. It is satisfied by the potential at a
point not occupied by matter in a two-dimensional gravitational field. It is also satisfied by
the velocity potential and stream function of two-dimensional irrotational flow of an
incompressible non-viscous fluid.

Note: In proving results (5) and (6), it has assumed that the second order partial derivatives

of u and v with respect to x and y all exist and further are continuous.
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Any function which possesses continuous second order partial derivatives and which
satisfies Laplace’s equation is called a harmonic function. Two harmonic functions, u and v
which are such that u + i v is an analytic function are called conjugate harmonic functions.

The importance of analytic function of a complex variable is that such a function
furnishes us with distinct solutions of Laplace’s equation. It is this connection of analytic
function with Laplace’s equation that has given a great importance to the theory of functions
of a complex variable in applied mathematics.

The equation (7) is written as V2@ = 0, where

3 g% @
AE— %2 - 5‘37

V2 is called the Laplacian operator.

Property 2. If w = f(z) = u + i v is an analytic function, the curves of the family u(x,y) =
constant = c; cut orthogonally the curves of the family v(x,y) = constant = c,.
Proof: Given that w = f(z) = u + i v is an analytic function

Then u and v are satisfy C-R equations

ou odv
e (1)
T L )
dy 0x

Suppose u(x,y) = c; is the equation of the family of curves for different values of c;.
Similarly, v(x,y) = ¢, is the equation of the family of curves for different values of c;.

Since u(x, y) = ¢y, by the total differentiation,

du =g+ 24

M

du 0Ou 0du dy ’
Hence — =—+ = 0sinceu =¢;

dx dx 0y dx

Sody__(%a

=
dy
This is the slope of the general curve of the u-family.
Similarly for the v —family,
(52)
it ©
dx d

(%)

Q)
<
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Using (1) and (2), (4) can be written as

du
v _)
o

The product of the slopes of the two families is

G, G)__

& &

Hence the curves cut each other orthogonally. The two families are said to be the

orthogonal trajectories of one another.

ks 92 92
=4
dx? = ay? 0z0Z

Result 1. To prove that

Proof: Let z = x + iy and Z = x — iy so that

Z42 p _Z=F " iz —7)
s TR
de -1 Ox 9y - L - 4y

This implies i

Let f = f(x,y). Then f = f(z,2)

X =

We have
of _arox oroy
dz 0Jxdz 0dyoz
Lz8F @ of
=5(a“@)
) e i
0z dxdz Oyoz
1jar ' _af
=E(E lﬁ)
92 a (0
N°Waz;=5(a_];)

_1(3 _6)(6+_6
“2\x” 'oy) \ax ‘ay)f

A e
A ay? f
a2 92 92
Tl e e
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Result 2. If f(z) is a regular function of z; Prove that

gt @t 2 R
(ﬁ+a_yz) If @I = 4lf (2)]
2 aZ 62

TR Rl P

Proof: Recall that

92 a2 T a2 " oL
=>('5'x—2+‘a‘;‘2‘)|f(z)| = azaz_f(z)f(z)aslzl =73

= 12 [ ff @]

= 4:—z[f(23f'(z‘)]
= 4f (2)f (2) = 4If (2)|?

(since f(z) is treated as constant in differentiating with respect to z)

Result 3. If w = f(2) is a regular function of z such that f' (z) # 0. Prove that

g e :
(557 + 557 oa Ir @1 =0
If |[f (2)] is the product of a function of x and function of y, then show that f @) =
e@2°+Bz+Y where  is the real and §, ¥ are complex constants.

62 62 62
: =4
Proof: Recall that EP) + 32 5795

g2 . ¢ x % 3
=>(;-,—xi+—)109 |f (Z)|=4azaz_ log |f (2)|

ay?
2 1
= 2o log I @)
2
= 25— log{f )f @} as |z’ =27
2 ; 92 ,
=2 log{f (2)}+2 P log{f (2)}
a(f @), 0 (f®
% za—z_{f.(z)]+ ZE{f‘(zT)}
= OO0

It follows from the fact that f(z) is treated as constant in differentiation with respect to Z.

a - gt )
Hence (-B-F'{“ a—yz) log If (z)| =0 (1)
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Let |f (2)| = 0(x). ¥ (¥)
From (1),

A
(ﬁ + 55) log (8(0)-¥(») =0

92 a2
32z [log 8(x) + log Y () ] + 32 [log 8(x) +log¥(¥)] =0

2

9 l o [ =0
ﬁ[09¢(x)]+3—3ﬂ[09¢@)] =

d? d?
@[fﬂg ?(x)] +53 [logy ()] =10
2 2

d sl i
G a0l = o loge ) | =2pi5ay

For L.H.S. and R.H.S both are independent of each other.

2
o [log ®(x)] = 2p, given an integration

b [log @(x)] = 2px + ¢
dx
Again integrating, log @(x) = px* + qx +r
Similarly, —log ¥(y) = py’ + q1y + 11
log (8(). ¥()) = log B(x) + log Y(¥)
=px*+qx+r-py’ —qy—n
=p(x*—y) +(gx—q1y) + (" —11)
or If @) = 6().¥ ()
= exp [p(x* =y} + (qx — q19) + (r — 11)] )
Now |exp(az? + Bz +y)| = |lexp{a(x + iy)? + B(x + iy) + ¥}
= |exp{[a(x? — y%) + 2iaxy] + (a + ib) (x + iy) + (c + id)}|

as «r is a real.

= lexp{a{x? — y%) + ax — by + c} + exp{i(2axy + bx + ay + d)}|
= lexp{a(x® — y?) + ax — by + c}|

As |e"p| = 1 for any real p, which of the same form as (2).

Hence we can write

f (2) = exp(az® + Bz +7)

Result 4. If f(z) is an analytic function of z, prove that

¢
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g a2 ;
(5;;+;37) RF @I = 2If @)I?

Proof: Let f(z) = u + iv, then Rf (2) = u.

d du
B S
o V=l
i i [dun\>  3%u
7 =2|(5) +uzz @
Similarly,
e [(ou\?  8%u
wO=2G) tam @
Adding (1) and (2), we get
g . 52 . au 8%u
= +3737 ) IRF @) =2|( =2 tug
s (au) +(6u) " 82u+62u .
0x dy “1ox2 a_yz @

But u satisfies Laplace’s equation and f(z) is an analytic function, u and v satisfies
C-R equations, that is

du dv du  dv

ax oy "oy Tox

(3) becomes

(aazz z ) IRF @) = [(Z‘;)Z + (3_2)2] )
But f(2) =Z—:——i+ig—:thenf'(z‘) =‘;_z_i:_:
7 oF = £ o 0= (G4 ) (-5 = () +()

In view of this, the last gives
de . gk .
oA A - T 2

Result 5. If u(x, y) and v(x, y) are harmonic functions in a region R, prove that
(au av) 5 (au i av)
dy 0x "\ox ady

Proof: Suppose u(x, y) and v(x, y) satisfy Laplace’s equation.
o e & d%u
lLe.,—+-—=

d0x2  dy?

is an analytic function of z = x + iy.

0 €)
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9%v 0%v
and R =0 2)
Also suppose
_Ou 0dv e du OJv
oy ox T ax T ay
To prove that s + it is an analytic function, we have to show that
5 ds at ds at
(l) E—E;and-é;-——a
e ds ot 0Os at .
(i1) =5 and — 5, are continuous
ds o - &% g v\ 5 @) from (2)
ax ady  \ox? ayr) e
95 -9t (0% d'u
3y " ox (6x2+6y2) (&) from ()

From (3) and (4), the result (i) follows.
Existence of (1) and (2) implies that the result (ii).

Construction of an Analytic Function whose Real or Imaginary Part is known:

Let f(z) = u + iv be an analytic function, whose real part u alone is known
beforehand. We can find v, the imaginary part and also the function f(z). The

procedure is as follows:

First Method:

dv=2ax+ 24
R ay y

But u and v are satisfy C-R equations
du Odv dv du

e ax =3y ™= "5y
Hence
e iy 1
“ a ( au)_ 2%u " d (Bu)_azu
R ay\ ay) ay? M€ 5x\ax) T a2
As u satisfies Laplace’s equation,
i S
dx? 3 ay?
el e
Le,om= 357

Hence
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d ( au) ! (au)
ay\ ay/  dx\ox
and so the R.H.S. of (1) is a perfect differential.

du

Also 3

du 3 T
and 5, are known, since u is given.

Hence integrating (1), v = [ (—:—;dx + g:—dy) +c

where c is an arbitrary constant. Thus v is known and the function f(z) = u +ivis

determined.

Second Method:
o o ov, gl Du

’ d ad
Weknowthatf(z)=%=5;(u+iv)=a+la=a_[@ @

(' O T R )
since ax— ay rom equations

. T du ou
Since u is given, = and 5 are known.

. . u _du
Hence integrating (1), f(z) = f (a -1 5) dz +c.

It is implied that the expression
du _du

— — l —_—
dx dy
must be expressed in terms of z = x + iy, and then the above integration is to be

effected.

Third Method (Milne-Thomson Method):
. To find f(z), when the real part u(x, y) is given.

Let f(2) = u(x,y) +iv(x,y) €))

Since z = x + iy, Z = x — iy, we have

zZ+Z __z—z‘
2 2

Z 22T LT =T
Sof(z)_“( T )J”V( 2 " Zi)

Consider this as a formal identity in the two independent variables z, Z.

X =

Putting z = z, we get
f(@) =u(z0) +iv(z0) (2)
(1) Is the same as (1), if we replace x by z and y by 0.
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N G OW . . Ouw dv du  du
wa(z)—a—a(u+lv)—a;+tax—ax [

dy
( . dv _ du ¢ CR 2 )
since —— = 3y Tom equations
ou ou
Let e ?,(x,y)and 5 = @, (x, y).
Then f'(2) = @1 (x,) — i 2(x,y) ©

Now, to express f (z) completely in terms of z, we replace x by z and y by 0 in the
expression (3).

f'(2) = 0:(2,0) — i §,(2,0)
Hence f(z) = f{(?)l(z, 0) —id,(z 0))dz +C

Similarly, given the imaginary part v, we can find u such that u + iv is analytic. Let
us use Milne-Thomson Method.

' dow 0 : gu - .9y v - 0p
Nowf(z)=a=—(u+w)

( , ou 2 v ¢ com " )
, since ax = ay rom equa ons
f @ =y, y) —i,(xy)

dv dv
where B =9 (x,y) and = Yo (x,y)

Now, to express f (2) completely in terms of z, we replace x by z and y by 0 in the
above expression

f (@) =91(z,0) — i ,(z,0)
Hence fl2) = f (¥1(2,0) —i,(z,0))dz + C.

EX. Show that the function u = %Io g(x? + y?) is harmonic and determine its conjugate.

Solution: Given u = % log(x? +y?)

Weh g - x Ju y
A T X +y2'0y 2+

o - (Yl —xdr ¥t

Now T 2 + y2)2 T %+ y2)2
Similarly, T e
33}2 (xz + yZ)Z
Clearly, @ + @ =:0:
ax?  dy?
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Hence u is harmonic. Let v be the conjugate of u. Then

e O g O Bt

= x+o-dy (using equations)
-y

= dx +

x2 4+ y? pl y?

_ xdy —ydx

- x2+y?

2 xdy —ydx
( ¥ )

dy

%
T x4 y2

Hence Integrating

. . - - x
EX_.Find the analytic function whose real part is s

e 6 : o
Solution: Let f(z) = u + iv whereu = py

el D oyt = g 2xy
T WDy W+ yD?
Now

,()_aw_6u+_av_6u du
f 2= e i—= i

d ) dx Odx dy
y? —x? . 2xy
RSO R !
_ prix? (v +ix)?
(B4R i P
1 i* 1

= (v — ix)? = (iy + x)? e

Integrating, f(2) = i-{- c

EX.Ifu—v= fos xtsmx—¢ 7 ' \rhen F (%) = 0 and f(z) is analytic function of z,

2 cos x—e¥—e~Y '
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find f(z) in terms of z.
Solution: Let f(z) =u+iv @)
Sothat if(z)=iu—v (2)
Adding (1) and (2), we get
A+df@=@w@-v)+i(u+v)
i.e,Fz)=U+iV 3
WhereU =u—v,V=uwand F(z) = (1 +i)f(2)
If f(2) is analytic, then F(z) is also analytic.

cos x+sinx—e™” cosx+sinx—e™Y

GivenU=u—v = =
iven L s Ty e 2 (cos x — coshy)

We have

dU  (cos x — coshy).(cos x — sin x) + (cos x + sin x — e™). (sin x)
x 2(cos x — cosh y)?

dU _ (cos x —coshy).e™ + (cos x + sinx — e™).(sinh y)

ay 2(cos x — cosh y)?

2 ot AV —all ol
NowF(z)=a—x+

—_—

'ax _ox '3y
_ (cosx —coshy).(cos x—sinx) + (cos x +sinx—e7).(sinx)
= 2(cos x — cosh y)?

(cosx—coshy).e™ + (cos x + sinx —e™).(sinh y)
i
2(cos x — cosh y)?

By Milne-Thomson’s method, F'(z) is expressed in terms of z by replacing x by z

and y by 0.
Hence
Flo)— (cosz—1).(cosz—sinz) + (cosz+sinz—1).sinz _ (cosz—1)
2 2(cosz—1)2 lZ(cosz BT
i | Z
= ) —— = b 2
(1+I)2(1—COSZ) (1+l)4cosec 5
Integrating,
141
F(Z)=—( )cot%+c
141 z
i.e.,(l-l-i)f(z):—( > )COtE'i‘C

1 z
f(2) = —Ecot §+C

Given f (’2-‘) = 0, then

3
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Hence
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Module 2
CONFORMAL MAPPING

Geometrical Representation of Functions of a Complex Variable:

We shall now consider the question of representing graphically the function of a
complex variable. Real function of real variables, y = f(x) can be exhibited graphically by
plotting corresponding values of x and y as rectangular coordinates of points in the xy-plane.
But in the complex domain, the functional relation

w=f@) = flx+iy) =ulxy) +iv(xy)
involves four real variables, namely, the two independent variables x and y and the two
dependent variables u and v. Hence to plot w = f(2) in the Cartesian fashion, a space of four
dimensions is necessary. This is not possible instead, we make use of two complex Gauss
planes, one for the variable z = x + iy and the other for the variable w = u + iv. These are
called the z-plane and the w-plane respectively. In the z-plane the point x + iy is plotted and
in the w-plane the point u + iv is plotted. So in short, we have two Argand diagrams, one
with the x and y variables and other with the u and v variables. A function w = f(z) is now
represented, not by a locus of points in a four dimensional region but by a correspondence
between the points of these two planes. Corresponding to each point (x, y) in the z-plane for

which f(x + iy) is defined, there will be a point (u, v) in the w-plane, where w = u + iv.

‘.jl.
o{ £
r-—--—-—-//f )
e
M 2
C 2
0 z-plane Jx: 0’ w—plane 1
Figure 1 Figure 2

If the point z moves about in its plane along some curves, the pomnt w will travel
along a corresponding curve in its plane. If we describe a closed curve C; in the w-plane. We
say that C; is mapped onto the corresponding curve C; in the w-plane by the function
w = f(z). The function w = f(z) thus defines a mapping or a transformation if the figures

of the z-plane into the figures on the w-plane. This function is called a transformation or
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mapping function. The corresponding points, curves or regions in the two planes are called
images of each other.

Even though two separate planes are used to represent w and z, it is often convenient
to think of the mapping as effected in one plane, by using such technical terms as translation
and rotation. For example, the mapping by means of the function w = z + 3 moves every
point z in the z-plane through 3 units to the right. However in the actual drawing of figures,
the use of a separate w-plane serves to avoid confusion. To get a clear idea of the way in
which the z-plane maps on to the w-plane, we choose various convenient families of curve in

one plane and determine the following worked examples.

Conformal Mapping or Conformal Transformation:

The functional relationshipw = f(z) sets up a correspondence between the points
z = x + iy of the z-plane and w = u + iv of the w-plane. Let two curves C; and C; of the z-
plane be mapped as the curves C; and C; of the w-plane by the above transformation. z = zg
the point of intersection of the curves C; and C, is mapped as w =w, the point of
intersection of the curves Ci and C;. If the angle between the curves C; and C; at Z is the
same, both in magnitude and sense as the angle between the curves Ci and C, at wo, the
transformation is called conformal.
Definition: A mapping or a transformation which preserves angles in magnitude and in sense

between every pair of curves through a point is said to be conformal at that point.

Standard Transformations:
1. The transformation w = z + ¢ where c is a complex constant is a Translation.
Let the transformation w = z + ¢ where c is a complex constant nearly translates every point
z through the constant vector representing ¢. Thus, ifz=x+iy,w =u+iv,c=c; +ic;,
the equations of transformation are
utiv=x+iy+caticg=+c)+ily+ cz)
il.e,2u=x+candv=y+ c,.

The image of any point (x,) in the z-plane is the point (u,v)i.e.,(x+c;, y +¢;) in
the w-plane. Every point in any region of the z-plane is mapped upon the w —plane in the
same manner. It is clear that if the w —plane is superposed on the z-plane the figure shifted
through a distance given by the vector c. Further the two regions have the same shape, size

and orientation. In particular, this transformation changes circles into circles.
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2. Expansion or contraction and rotation: (Magnification)
Consider the transformation w = ¢ z , where c is a complex constant
Letz=re’,w=Re®and c = f e!®. Then
w=illz= Re?=F§e"%re" =gre1e)

Wehave R =frand @ =6 + a.

Thus under this transformation a point P (r, 8) in the z-plane is mapped to the point
P'(Br,6 + ) in the w-plane. Thus, this transformation effects an expansion when |c| > 1
and a contaction when 0 < [c| < 1 of the radius vector by f = |c| and rotation through an
angle @ = amp c. Hence any figure in z-plane is transformed into, geometrically, a similar

figure in the w-plane. In particular circles are mapped to circles.

Note 1. The above two transformations are the special cases of the transformation w = az +
¢, where a and c are complex constants. Put ¢ = 0, we get w = az and by putting a =1

2

we get w = z + c. This transformation w = az + c is called a linear transformation.

Note 2. When |c| = 1 then w = ¢z is called a pure rotation. Since in this case there is no

expansion or contraction, but just a rotation through an angle of a.

Result: Circles are invariant under linear transformation.
Solution: Consider the linear transformation w = az + ¢, where a and c are complex
constants.
Consider the circle
Ax*+y) +Bx+Cy+D=0 (D
Wehavew =u+iv=az+c=alx+iy)+c +ic
=(ax+cy) +i(ay+ c)

Hereu = ax 4+ c¢; and v = ay + ¢,. Then

Uu—a0 v—=C3

R (2)

Substituting (2) in (1), we get

AW +v)+Bu+Cv+D =0 (3)
Which is a circle in the w-plane, where
ol o B » C—=2Ac : Z+ct B €
A==,B = R D =D+A(Cl zfz)_ e
a a a a a a

Hence the result.
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3. The transformation w = i (is called inversion)

1
Letw=-=
Zz

EulN'

i
Iz]
To describe the geometrical process by which w is obtained, with the above

zZ is a real quantity. Hence length of w = — and argument of w = argument of Z .

characteristics from a given Z , we must first define the process of inversion.

C

oY
»

Let C be a circle with center O, radius r and P be any point in the plane of C. The

inverse of P with respect to the circle C is defined to be the point P’ on the radius OP such

that OP.OP" = r2. Obviously P is the inverse of P'. Now for the transformation w = % , first

we must get a complex number whose length is % . If OP is the length corresponding to |z|

and OP' is the length corresponding to L then

lz]?

; 1 y
=—i.e.,,0P.0P =1
OP OPIE OP.0

Hence P’ is the inverse of P with respect to the unit circle. Secondly, if we take the
reflection of P in the real axis, we get a complex number with length ﬁ and also having the

direction of z.
Using polar coordinates, let
z=re andw =R e®

Then R e?® = —- = ¢

T eif T

i
This may be split into successive transformation given by the equations wy; = fr— andw = w;

ig
e e' : .
sl ePi= = and R e® = R,.e~*%

In the first transformation, we have
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1
R1=;and®1=9

The argument of the image in the wy-plane is the same as the argument of the given
point in the z-plane and the product of the moduli =1. If the w;-plane is superposed over the

z-plane, the point P in the z-plane and its image P’ in the w;-plane will be collinear with the

I - is - -
origin O such that OP.OP = 1. So the first transformation w; = fr— gives the inverse of the

given figure with respect to the unit circle. For the second transformation w = wy, the
equations are
Rleand¢=_®1

i.e., the image of any point is its reflection in the real axis.
: i 5 i e :
Hence the transformation w = ~maps the given figure into firstly its inverse with

respect to the unit circle followed by the reflection of the inverse into the real axis.

Discuss the transformation w = z7%.

Letw =u+iv =2z = (x + iy)? = x* — y? + 2ixy

Hereu = x? — y? andv = 2xy

these are the equations of the transformation between the two planes. Using them, we can

study various properties of the correspondence.

Case i: when y = constant, a say, i.e., lines parallel to the x-axis mapping to curves in the

w-plane whose parametric equations are

2

u=x?—-a?and v = 2ax.

Eliminating the parameter x, we get

v2

= 2 IR 2
u= —a*“l.e., v =4a“(u+a
4q? ( )

This equation represents a family of parabolas having the origin of the w-plane as the focus,

the u-axis, i.e., the line v = 0 as the axis and all extending to the right.

Case ii: when x = constant, b say, i.e., lines parallel to the y-axis mapping to curves in the
w-plane whose parametric equations are
u=b?—y?and v = 2by.
Eliminating the parameter y, we get
52

=D — 55 i.e.,v? = 4b%(b% — u)
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This equation represents a family of parabolas having the origin of the w-plane as the focus,
v = 0 as the axis and all extending to the left. The plotting is illustrated in figures 12 and 13

for the values a, b equal to 2 and 1.
The rectangular region bounded by the lines x = %,x =1,y= %, y = 1 maps on to
the portion bounded by the four parabolas.

Alsow = z? :i—:=22=0=>z=0
Therefore z = 0 is a critical point.

Using polar coordinates, let z = r e? and w = R e'?
Then R e'? = r2e%®
Hence R = r2and @ = 26

The image of any point (r,8) is that point in the w-plane whose polar coordinates are

R =72 ¢=28.

Yin
(8]
z—plane
Figurc 12 Fagurc 18

The upper half of the z-plane is defined by 0 < @ < m. Correspondingly, we have
0<20<2mi.e.,0<@<2m

which is the entire w-plane. So, the upper half of the z-plane transforms into the entire w-
plane.

The first quadrant of the z-plane (0 < 6 < 7/2) maps into the entire upper half of the
w-plane.

Circles about the origin r = 7, are transformed into circles R = r¢ in the w-plane. A
radial line 8 = constant in the z-plane transforms into a new radial line @ = constant in

the w-plane, with argument double that of the original line. The angle between two radial
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lines in the z-plane is doubled in the w-plane. The conformal property does not hold good at
the origin. z = 0 is a critical point of the transformation.

The first quadrant of the semi circular region r < 1y, 0 < 8 < m/2is mapped into the
upper half of the circular region R < r¢ as shown by broken lines, while the semi circular

region 1 < 7yis mapped into the entire circular region R < 1.

Discuss the transformation w = e?.

Letw=u+iv=e?=e*™ =e*(cos y +isiny)

Here u = e*cos y and v = e* siny

These are the equations of the transformation between the two planes. Using them, we can

study various properties of the correspondence.
v
From the above e tany (1)

andi* +v2=e* @

Case i: when y = constant, a say, i.e., lines parallel to the x-axis mapping. So their images

in the w-plane are

v
= = tan a = constant = k,sayi.e.,v = ku

These are a pencil of lines through the origin.

Case ii: when x = constant, b say, , i.e., lines parallel to the y-axis. So their images in the
w-plane are
u? + v? = e?b, whichisa system of circles concentric with the origin.
In particular, the line y = 0 corresponds to v = 0.

The line x = 0 has its image the circle u? + v?> = 1. The line y = %corresponds to the line
E = tan % i.e.,v = u. The line x = 1 corresponds to the circle u? + v? = e?.
Hence the rectangular region bounded by the linesx = 0,x =1,y =0and y = Emaps on to

the sector of a ring as shown in figure bounded by the lines v = 0, v = u and the circles

vt vt = Lat vt =gt
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M-
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G z-plane
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Figurc 14
Figure 15

Taking z = x + iy and w = R e'®, we have
R e = oY = g¥aly
Hence R = e* 3)
and@ =y €))
Lines parallel to the y-axis in the z-plane, have the equation x = constant = k, say. Their
images are given by (3) as R = e* which are concentric circles of the u-plane. If x is
positive, R > 1 and if x is negative, R < 1. In particular, the imaginary axis x =0

transforms to the unit circle in the w-plane.

& va
}l
cl
_ B
(L
i
4 i 7]
3 |/
W—pidane

Figurc 16 . R
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Horizontal lines in the z-plane have the equation y = constant = ¢, say. From (4)
their images are given by @ = c. These are radial lines in the w-plane. In particular y = 0
corresponds to @ = 0. Hence, the x-axis transforms into the real axis of the w-plane.
The rectangular region bounded by x =a,x=b,y=c,y=4d in the z-plane
transforms into the region e < R < e?,¢ < @ < d bounded by circles and rays.
Consider the horizontal strip of the z-plane of height 2. The line y = 0 maps into
® = 0 i.e., the positive u-axis. The line y = 7 transforms into @ = m; the negative u-axis.
When y = 27, @ = 2m.
The radius vector @ = 2m in the w-plane is the same as the vector @ = 0. Hence any
horizontal strip of the z-plane of height 2 covers the entire w-plane once.
The Transformation w = sin z:
Letw=u+iv = sinz = sin (x + iy)
= sinx cos iy + cos x sin iy
= sinx coshy +icos x sinh y
Hence u = sin x cosh y 1)
and v = cos x sinh y 2
We know that sin z is periodic and hence it cannot be a one-to-one function, if considered in

the entire z-plane.

Thus we restrict z to vertical infinite strip defined in —% <x<

NIX

Also f'(z) =cosz,f(z)=0=z= i% and these are two critical points for the conformal
mapping.
The imaginary axis in the z-plane is x = 0.
When x = 0,u = 0 from (1) and v = sinh y from (2).
If y > 0,sinhy is positive and if y < 0,sinhy is negative. Hence the upper half of the
imaginary axis in the z-plane maps into the upper half of the imaginary axis of the w-plane,
while the lower halves of both correspond with one another.

The real axis in the z-plane is y = 0. When y = 0 from (1) and (2), we get u = sin x
and v = 0.
Since sin x takes values between -1 and 1, the image of the real axis ¥y = 0 is the segment
—1 < u < 1 of the u-axis.
Eliminating x from (1) and (2), we get

e v

cosh?y &) sinh?y
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when y = constant = c, say, we get

2 2

u v

1 3)

when ¢ # 0, (3) represents an ellipse with semi axes cosh cand sinhc. If ¢ is the

+ — =
cosh?c  sinh?c

eccentricity of this ellipse, we have

, _tosh®c—sink’c 1
S cosh?c " cosh?c
1
Hence e = e
The foci are at
(i cosh c. co:h = 0) i.e.,at (1,0)and (—1,0).

These coordinates are independent of ¢ and all the ellipses have the same foci.
Thus, lines parallel to the real axis of the z-plane map into confocal ellipses in the w-plane.

Since cosh?y — sinh?y = 1, eliminating y from (1) and (2), we get

u? v?

sin’x  cos®x
When x = constant = k, the above gives

2 2

u v

4

when a # 0(4)represents a system of hyper bolas having foci at (1,0) and (—1,0). Hence

sin?k cos?k

lines parallel the imaginary axes of the z-plane map into confocal hyperbolas.

The rectangle ABCD in the z-plane, with sides along the lines y=c,x =k,y =
c,x =k is transformed into the area ABCD in the w-plane between the corresponding
ellipses and hyperbolas. Actually there are four such areas but only one of these corresponds
to the rectangle ABCD. The others are obtained from the areas which are the images of ABCD
in the x and y axes.
The Transformation w = cos z:

Letw =u+ iv = cos z = cos (x + iy)

= c0S x cos iy — sin x sin iy
= cos x coshy —isinx sinhy
Hence u = cos x cosh y (D
and v = —sin x sinh y (2)

The imaginary axis in the z-plane is x = 0.

When x = 0,u = cosh y from (1) and v = 0 from (2).



Complex Analysis ?

Yﬂ z.-ﬂam v

y=¢! g

X
’rzr A

» ‘ ]
0 X ? ; }

Fizure 18

=K

Figure 19

If y > 0,sinh y is positive and if y < 0,sinh y is negative. Hence the upper half of the
imaginary axis in the z-plane maps into the lower half of the imaginary axis of the w-plane,
while the lower half of the imaginary axis maps into the upper half of the imaginary axis.

The real axis in the z-plane is y = 0. When y = 0 from (1) and (2), we get u = cos x
and v = 0.
Since cos x takes values between -1 and 1, the image of the real axis y = 0 is the segment
—1 < u < 1 of the u-axis.
Eliminating x from (1) and (2), we get

u? v?

+
cosh?y = sinh?y
When y = constant = c, say, we get

2 2

u v

(3)

When ¢ # 0, (3) represents an ellipse with semi axes cosh c and sinhc. If ¢ is the

+ - ]
cosh?c  sinh?c

eccentricity of this ellipse, we have

- cosh?c — sinh®c 1
e — —
cosh?c cosh?c
1
Hencee =
coshc

The foci are at



